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Abstract
We point out that a special case of an ideal gas exhibits concentration of the volume of
its phase space, which is a sphere, around its equator in the thermodynamic limit. The
rate of approach to the thermodynamic limit is determined. Our argument relies on the
spherical isoperimetric inequality of Le´vy and Gromov.
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1. Introduction
The concentration of measure phenomenon [1] is an important concept in contempo-
rary analysis and measure theory. It was very effectively used by V.D. Milman in his proof
of Dvoretzky’s theorem [2] on the existence of almost spherical sections of convex bodies
and by many others ever since [1]. Roughly speaking, the concentration of measure states
as the dimension of the underlying geometric structure, be it a subset of Euclidean or a
Banach space, a manifold, a metric space etc, approaches infinity, most of the measure
considered in such a structure can be found concentrated in a subset of it. Such a subset
would be considered “small” by the casual observer. Dually, measure concentration can
be seen as a property of functions of a large number of variables with small oscillations
which turn out to be almost constant. This interpretation goes back to P. Le´vy [3]. The
geometric concept of “observable diameter” and related quantities introduced in [4] is also
motivated by this observation.
Isoperimetric inequalities are some of the most studied geometric inequalities [5], es-
pecially during the last century and a half. Roughly speaking, isoperimetric inequali-
ties provide bounds to the relation between the volume of a domain and the area of its
boundary. A physical motivation is to prove the observation that the shape of a droplet,
or bubble, in ordinary flat space is spherical and to explore what this optimal shape
would be in other situations such as Riemannian spaces of constant or variable curvature,
metric-measure spaces etc. Despite the best efforts of decades, such minimizers are known
only in the case of the Euclidean space Rn [6], the sphere Sn [7] and the hyperbolic
space Hn [8] equipped with their usual metrics of constant sectional curvature 0,+1
and −1 respectively. The concentration of measure phenomenon is controlled through
inequalities, whose geometric incarnation has a strong isoperimetric flavor. The present
work use the fact that spherical caps are the isoperimetric domains/minmizers in Sn [7].
In this letter we present an application of the measure concentration on Sn and the
related isoperimetric inequality of P. Le´vy [3] which was generalized much later by M.
Gromov [7], to a particular case of an ideal gas. To be more specific, we consider an
ideal non-relativistic gas which is placed inside a one-dimensional thermally isolated box,
i.e. inside a line segment. We assume that initially this gas contains n − 1 (point)
particles/molecules. We then add one extra particle/molecule which is stationary in the
frame of reference of the box. The total energy of the system remains the same before
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and after we add this n-th particle. We continue this process, ad infinitum, and we try to
understand the behavior of the volume of the phase space of the system in such a limit.
The phase space has a compact part which is a sphere. We find that as n increases,
the volume of such a sphere concentrates around its equator The result that we find is
that, in the thermodynamic limit n → ∞, the micro-canonical partition function of
the gas receives its dominant contribution from a tubular neighborhood of the equator of
width proportional to n−
1
2 . Thus, we provide a geometric description of the system and,
through it, an expression for the rate at which the system approaches equilibrium. This
letter should be considered as a counterpart of [11] where a similar type of arguments was
used to determine the rate of approach to equilibrium of a parity-violating system.
In Section 2, we start the mathematical description of such a system by calculating
the relative volume of a tubular neighborhood of the equator of a sphere and compare it
to the volume of the sphere itself. We find that, to a first order approximation, that this
ratio is zero, as is intuitively expected. In Section 3 we show how the situation changes
dramatically when a more careful, second order, approximation to such a ratio is made.
Here the concentration of measure becomes manifest. In Section 4 we discuss how Sec-
tions 2 and 3 can be applied to the specific case of the ideal gas that we are considering.
Section 5 contains some further comments and some conclusions that can be drawn from
such an analysis.
2. Relative volumes of spheres; first order approximation
Consider a system of n+1 non-relativistic particles on a line. The phase space of such
a system is Rn+1×Rn+1. If the total energy E of the system is conserved, and assume
that, for any reason, the location of the individual particles does not affect the value of
E, then the phase space reduces to Sn ×Rn+1. We focus our attention on the compact
part of the phase space, the n-sphere Sn, because, eventually, the contribution of the
potential function, which depends on the generalized coordinates only, will turn out to be
a constant in the micro-canonical partition function. Such a constant will not be relevant
to our arguments, so we will eventually disregard it. We assume, for simplicity, that Sn
is equipped with its round metric ρ induced from the Euclidean metric of Rn+1. It is
well-known that the geodesic segment joining x1, x2 ∈ Sn is an arc of a great circle of Sn.
Let the corresponding convex angle subtended by such a geodesic arc at the center of the
2
sphere be ψ. Then
ρ(x1, x2) = ψ (1)
The Euclidean distance in the ambient space Rn+1 is expressed in terms of ψ as
‖x1 − x2‖ = 2 sin ψ
2
(2)
and the relation between ρ(x1, x2) and ‖x1 − x2‖ is
2
π
ρ(x1, x2) ≤ ‖x1 − x2‖ ≤ ρ(x1, x2) (3)
Let dµ denote the infinitesimal Riemannian measure on Sn induced from the Lebesgue
measure of Rn+1. We have assumed that Sn is trivially embedded in Rn+1, which is
parametrized by xi, i = 1, . . . , n + 1, xi ∈ R and Sn is parametrized by the standard
spherical coordinates θi, i = 1, . . . , n with 0 ≤ θj < π, j = 1, . . . , n− 1, 0 ≤ θn < 2π
namely
x1 = sin θ1 sin θ2 · · · sin θn−1 sin θn
x2 = sin θ1 sin θ2 · · · sin θn−1 cos θn
... (4)
xn = sin θ1 cos θ2
xn+1 = cos θ1
The Jacobian of (4) gives
dµ = dθn
n−1∏
j=1
sinn−j θj dθj (5)
Let Uǫ/2(S
n−1) denote an ǫ/2-neighborhood of the equator Sn−1 ⊂ Sn namely
Uǫ/2(S
n−1) = {x ∈ Sn : ρ(x, Sn−1) < ǫ
2
} (6)
and let vol(Uǫ/2(S
n−1)) be its volume obtained from dµ. Then
vol(Uǫ/2(S
n−1)) = 2π
∫ π+ǫ
2
π−ǫ
2
sinn−1 θ1 dθ1
n−1∏
j=2
∫ π
0
sinn−j θj dθj (7)
which gives
vol(Uǫ/2(S
n−1)) = vol(Sn−1)
∫ π+ǫ
2
π−ǫ
2
sinn−1 θ1 dθ1 (8)
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Setting φ = θ1 − π2 , and using the fact that cos φ is an even function on R, we find
vol(Uǫ/2(S
n−1)) = vol(Sn−1) 2
∫ ǫ
2
0
cosn−1 φ dφ (9)
We are interested in determining the ratio
vol(Uǫ/2(S
n−1))
vol(Sn)
=
vol(Sn−1)
vol(Sn)
2
∫ ǫ
2
0
cosn−1 φ dφ (10)
To complete the calculation we have to determine 2
∫ ǫ
2
0
cosn−1 φ dφ. We can evaluate it
recursively or we can prove by induction, a posteriori, that [12] for m ∈ N,∫ ǫ
2
0
cos2m+1 φ dφ =
1
22m
m∑
k=0
(
2m+ 1
k
)
sin[(2m− 2k + 1) ǫ
2
]
2m− 2k + 1 (11)
and ∫ ǫ
2
0
cos2m φ dφ =
1
22m
(
2m
m
)
ǫ
2
+
1
22m−1
m−1∑
k=0
(
2m
k
)
sin[(2m− 2k) ǫ
2
]
2m− 2k (12)
In the sequel, we examine the case n = 2m+ 1. The case n = 2m can be analyzed in
the same way so we omit it, for brevity. We see that
2
∫ ǫ
2
0
cosn−1 φ dφ = 2
∫ ǫ
2
0
cos2m φ dφ =
1
4m
(2m)!
(m!)2
ǫ+
1
4m−1
m−1∑
k=0
(2m)!
k!(2m− k)!
sin[(2m− 2k) ǫ
2
]
2m− 2k
(13)
We are eventually interested in a small ǫ
2
-neighborhood of the equator, with ǫ chosen
to satisfy
|(m− k)ǫ| ≪ 1, as m→∞ (14)
so a Taylor series expansion of the sine function gives, to first order in (m− k)ǫ
2
∫ ǫ
2
0
cos2m φ dφ =
1
4m
(2m)!
(m!)2
ǫ+
1
4m−1
m−1∑
k=0
(2m)!
k!(2m− k)!
(2m− 2k) ǫ
2
2m− 2k (15)
We then use the well-known observation that as m increases m! increases much faster,
so the maximum of
(
2m
k
)
is attained when k = m, which results in
2
∫ ǫ
2
0
cos2m φ dφ ≤ 1
4m
(2m)!
(m!)2
ǫ+
2
4m
(m− 1)(2m)!
(m!)2
ǫ (16)
which eventually gives
2
∫ ǫ
2
0
cos2m φ dφ ≤ 2m− 1
4m
(2m)!
(m!)2
ǫ (17)
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We express the factorial through the gamma function Γ(x) as [12] Γ(m+ 1) = m! and
can rewrite (17) as
2
∫ ǫ
2
0
cos2m φ dφ ≤ 2m− 1
4m
Γ(2m+ 1)
[Γ(m+ 1)]2
ǫ (18)
Using
Γ(x+ 1) = xΓ(x), x ∈ C \ {−1,−2, . . .} (19)
we find
2
∫ ǫ
2
0
cos2m φ dφ ≤ 4m− 2
m4m
Γ(2m)
[Γ(m)]2
ǫ (20)
Substituting m = (n− 1)/2, we get
2
∫ ǫ
2
0
cosn−1 φ dφ ≤ n− 2
(n− 1)2n−3 ǫ
Γ(n− 1)
[Γ(n−1
2
)]2
(21)
It is well-known that
vol(Sn−1) =
2π
n
2
Γ(n
2
)
(22)
which gives
vol(Sn−1)
vol(Sn)
=
Γ(n+1
2
)
Γ(n
2
)Γ(1
2
)
(23)
Combining (10) and (23), we find
vol(Uǫ/2(S
n−1))
vol(Sn)
≤ n− 2
(n− 1)2n−3 ǫ
Γ(n+1
2
)Γ(n− 1)
Γ(1
2
)Γ(n
2
)[Γ(n−1
2
)]2
(24)
Using once more (19) and that Γ(1
2
) =
√
π, (24) reduces to
vol(Uǫ/2(S
n−1))
vol(Sn)
≤ n− 2
2n−2
ǫ√
π
Γ(n− 1)
Γ(n
2
)Γ(n−1
2
)
(25)
Substituting the Legendre duplication formula [12]
Γ(2x) =
22x−1√
π
Γ(x) Γ(x+
1
2
) (26)
in (25), we find
vol(Uǫ/2(S
n−1))
vol(Sn)
≤ (n− 2)ǫ
π
(27)
We have already assumed in (14) that, essentially |nǫ| ≪ 1. In this approximation, we
find
lim
n→∞
vol(Uǫ/2(S
n−1))
vol(Sn)
= 0 (28)
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This is a result that someone intuitively expects to hold. The volume of a small tubu-
lar neighborhood of the equator is much much smaller than the volume of the whole
sphere, even as n increases without an upper bound. Revisiting this derivation we see
at least two points which are not quite satisfactory. First, we were “too generous” in our
attempts to find an upper bound for 2
∫ ǫ
2
0
cos2m φ dφ appearing in (10). We replaced
sin[(2m− 2k)ǫ/2] with its first order Taylor series approximation (2m− 2k)ǫ/2 in (15).
Second, we uncritically substituted all combinatorial terms
(
2m
k
)
with their maximum(
2m
m
)
in (16). The result is a very crude upper bound in (27), which is not sufficiently
sensitive to distinguish small deviations from zero of
vol(Uǫ/2(S
n−1))
vol(Sn)
, in case they exist.
3. Relative volumes of spheres; second order approximation
The state of affairs changes dramatically by sharpening the upper bound of (13). This
is done by working at a level of accuracy equivalent to a second order approximation
of sin(m − k)ǫ, which would be naively expected to vanish. The approach of the last
few paragraphs, which relies on the explicit calculation of the volumes that we want to
compare from the outset, cannot be straightforwardly extended to help us reach our goal.
This is due to the fact that there is no obvious better upper bound either for sin(m−k)ǫ
or for
(
2m
k
)
that can sharpen the inequality (16) which we need to use. A second-order
approximation in its argument exists only for a cosine, but not for a sine function. The
logic that we follow is: we first find a second-order upper bound for the cosine function
appearing in (10), and only then we perform the required integrations.
One works as follows [9]. As in (6), let B(x, ǫ) = {y ∈ Sn : ρ(y, x) < ǫ}. This
represents a “cap” of radius ǫ on Sn. Instead of the relative volume of the “equatorial
ring”
vol(Uǫ/2(S
n−1))
vol(Sn)
that we considered in (10), let us consider now
vol(B(x, π
2
+ ǫ))
vol(Sn)
(29)
This represents the percentage of the total volume that is occupied by spherical “cap”
encompassing the equator. We try to find a bound for
α(ǫ, n) = 1− vol(B(x,
π
2
+ ǫ))
vol(Sn)
(30)
This function expresses the “percentage” of the volume of Sn which is left out after
subtracting the volume of the spherical “cap” defined above from Sn. According to the
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general volume formulae (7),(8),(22), α(ǫ, n) can be expressed as
α(ǫ, n) =
∫ π
2
π
2
+ǫ sin
n θ dθ∫ π
0
sinn θ dθ
(31)
Substituting φ = θ − π
2
, as in (9) and setting In =
∫ π
0
cosn φ dφ, (31) can be rewritten
as
α(ǫ, n) =
∫ π
2
ǫ
sinn φ dφ∫ π
0
sinn φ dφ
(32)
Changing the variable of integration to w = φ
√
n, we get
α(ǫ, n) =
1
2In
√
n
∫ π
2
√
n
ǫ
√
n
cosn(
w√
n
) dw (33)
Comparing the Taylor series expansions of cosw and of exp(−w2/2) in [0, π
2
], we see
that cosw ≤ exp(−w2/2), so (33) gives
α(ǫ, n) ≤ 1
2In
√
n
∫ (π
2
−ǫ)√n
0
e−
w2
2 dw (34)
By setting t = w + ǫ
√
n we find that
α(ǫ, n) ≤ 1
2In
√
n
∫ π
2
√
n
ǫ
√
n
e−
(t+ǫ
√
n)2
2 dt (35)
which implies
α(ǫ, n) ≤ e
− ǫ2n
2
2In
√
n
∫ ∞
0
e−
t2
2 dt (36)
which using the fact that
∫∞
0
exp(− t2
2
) dt =
√
π
2
gives
α(ǫ, n) ≤ 1
In
√
n
√
π
8
exp(−ǫ
2n
2
) (37)
The straightforwardly derived recursion relation (n+ 2)In+2 = (n+ 1)In implies that
√
n+ 2 In+2 =
n + 1√
n+ 2
In ≥
√
nIn (38)
Obviously I1 ≥ 1 and
√
2I2 ≥ 1, therefore
√
nIn ≥ 1, ∀ n ∈ N, which gives
vol(B(x, π
2
+ ǫ))
vol(Sn)
≥ 1−
√
π
8
exp(−ǫ
2n
2
) (39)
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Let U ⊂ Sn with volU/vol(Sn) ≥ 1/2 and ǫ > 0. For any ǫ-neighborhood Uǫ of U ,
the classical Le´vy-Gromov isoperimetric inequality for Sn [3] - [7] states that
vol(Uǫ)
vol(Sn)
≥ vol(B(x,
π
2
+ ǫ))
vol(Sn)
(40)
Combining the above statements we arrive at the concentration inequality
vol(Uǫ(S
n−1))
vol(Sn)
≥ 1−
√
π
8
exp(−ǫ
2n
2
) (41)
Its implication is immediate, although counter-intuitive: as the dimension n of the unit
sphere Sn becomes very large, all its volume is concentrating in a thin ring of width
ǫ ∼ 1√
n
around its equator. An intuitive objection to this conclusion is the following; Sn
has an infinite number of great circles Sn−1 at the ǫ-neighborhood in each of which the
volume is concentrated, according to (41). Let’s pick one such great circle with its corre-
sponding ǫ-neighborhood. Each ǫ-neighborhood of every other great circle should have
volume zero, a fact that appears to contradict (41) which does not discriminate in favor
of one among the great circles and their ǫ-neighborhoods. This inequality also seems
to violate the sphere being a symmetric space, consequently its points being connected
through the transitive action of its isometry group. Since the volume is a Hausdorff mea-
sure directly derived from the round metric ρ of Sn, it appears that is should also
possess the symmetries of ρ.
This apparent contradiction can be partly resolved, if we consider what happens to
the volume of Sn for large n. Substituting the Stirling approximation
Γ(x+ 1) ∼
√
2πx
(x
e
)x
, for x→∞ (42)
in (22) and using that
lim
x→∞
(
1 +
k
x
)x
= ek, ∀ k ∈ R (43)
we find
vol(Sn−1) ≤
√
2π
(
2eπ
n1−
1
n
)n
2
(44)
which implies that
lim
n→∞
volSn−1 = 0 (45)
as fast as n−
n
2 . A volume approaching zero means that the n-dimensional manifold
in question, Sn in our case, “collapses” to one of lower dimension, from a measure-
theoretical viewpoint. This is odd, considering that the metric properties of Sn remain
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those of an n-dimensional space. By comparing (41) and (45), we conclude that the vol-
ume of Sn decreases much faster toward zero than the relative volume vol(Uǫ(S
n−1))
vol(Sn)
so,
measure-theoretically, Sn is effectively reduced to Sn−1. Finally, it is probably worth
mentioning, for completeness, that this volume decline of Sn toward zero as a function
of n does not contradict the topology of Sn: indeed, one can argue [13] that the infinite
sphere S∞ is contractible, hence topologically trivial. The discrepancy between our
intuition and the results of this section should make us be very careful when trying to
extend already understood concepts of a fixed dimension, to the case of such a dimension
approaching infinity. Indeed, as we just saw, in the latter case, which is a particular exam-
ple in the asymptotic theory of normed spaces, our low-dimensional geometric intuition
may misguide us if we try to make predictions or support arguments by relying on it too
much. This is not totally surprising as geometry, proper, actually refers to spaces of fixed
(Hausdorff) dimension. By contrast, we are dealing with calculations of non-trivial limits
of sequences of inequalities in spaces where the dimension is a free parameter, and not
totally surprisingly new phenomena occur in such limits.
It may also be worth noticing that in (41) the relative volume of the tubular neigh-
borhood of the equator declines in a Gaussian way as a function of ǫ. Because of this,
(41) can be seen as providing a geometric model for the law of large numbers [4].
4. Application to an ideal gas
Consider a gas, in one spatial dimension for simplicity, of n− 1 identical particles of
unit mass, with momenta pi, i = 1, . . . , n− 1 and interacting with each other through
the potential Φ(x1, . . . , xn−1). The Hamiltonian of such a system is given by
H =
n−1∑
i=1
p2i
2
+ Φ(x1, . . . , xn−1) (46)
We put this gas inside a thermally isolated one-dimensional box (a line segment) of volume
(length) V , whose walls (endpoints) are perfectly reflecting. The equilibrium statistical
behavior of such a system is determined by calculating the micro-canonical distribution
τ(pi, xj) : const, 0 ≤ i, j ≤ n− 1 (47)
on the constant energy E hyper-surface of phase space with the normalization∫
H=E
τ(pi, xj) = 1 (48)
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For an ideal gas
Φ(x1, . . . , xn−1) = 0 (49)
Then, the phase space of the system is V n−1 × Rn−1. We have used the fact that the
total energy E of the system is conserved and is given by
H =
n−1∑
i=1
p2i
2
= E (50)
and assuming, for simplicity, that E = 1/2 energy unit, the phase space of the system
is reduced to V n−1×Sn−2. We have tacitly assumed that there are no other integrals of
motion except the total energy E. As a result, the phase space of the system becomes
V n−1 × Sn−2 but cannot be further reduced due to the lack of such another conserved
quantity. The part of phase space giving a non-trivial contribution to the physical behavior
of the system is Sn−2. This is equivalent to reducing the micro-canonical distribution
dependence on the momenta only
τ(pi, xj) = τ(pi) (51)
Indeed, the factors due to V n−1 are integration constants, which can be safely omitted
in the subsequent arguments.
We now add one more particle to the gas of the n− 1 particles. We assume that this
particle which we add is stationary in the frame or reference of the line segment. The total
energy of the system will remain E and its phase space will now become V n×Sn−1. Due
to collisions with the other particles, the one that we added will eventually acquire the
same average kinetic energy E = E
n
as the other particles (equipartition). We consider
the non-trivial part of the micro-canonical expectation value
〈p2i 〉 =
∫
Sn−1
p2i τ(pj) dω (52)
where dω is the (normalized) Lebesgue measure on Sn−1 associated to the round metric.
Since Sn−1 is an isotropic space, we have
〈p2i 〉 =
∫
Sn−1
1
n
n∑
i=1
p2i τ(pj) dω (53)
which, upon integration and after using (47) and (48), gives
〈p2i 〉 =
1
n
(54)
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The isotropy of Sn−1 also implies that 〈pi〉 = 0, which gives for the standard deviation
σn of the momentum of each particle of the n-particle gas
σn =
1√
n
(55)
This result can be interpreted as follows: as the number of particles n of the gas increases,
there is an uncertainty σn = n
− 1
2 in the value of the momentum of each particle. If we add
a stationary particle, the n-particle gas will be indistinguishable from the (n+1)-particle
gas within an accuracy which is determined by σn. The perturbation that the system
will undergo by the introduction of such a stationary particle will not be detectable within
the given level of accuracy. This is despite the fact that the phase spaces Sn−1 and Sn
are not even homeomorphic, let alone diffeomorphic. We can easily check that Sn and
Sn−1 are topologically, hence differentiably, distinct by comparing their corresponding
cohomology groups [10], for instance. The relation of the metric properties of Sn and
Sn−1 can be found as follows: Let dsn−1, dsn denote the Riemannian round metrics
of Sn−1, Sn respectively. Then topologically Sn = Σ(Sn−1) where Σ in this relation
indicates the spherical suspension [13]. Because of this suspension, we come to suspect
that dsn and dsn−1 are related by
dsn = [0, π]×sin θ dsn−1 (56)
In (56), ×sin θ indicates a warped product with function sin θ. We can rewrite (56), in
a slightly more familiar form as
ds2n = (dθ)
2 + sin2 θ ds2n−1 (57)
which can be straightforwardly seen to be correct. The case of a particle added to the
system is expressed by a slowly varying value of θ around θ = π
2
. Such an approximation
gives dθ = 0 and up to first order in θ (which is proportional to σn) we find
dsn = dsn−1 (58)
which, in turn, implies that the immersion i : Sn−1 →֒ Sn is locally distance-preserving.
Therefore, within a momentum uncertainty σn, it is impossible to find locally any dif-
ference between the metric spaces Sn and Sn−1. Roughly speaking, this amounts to
stating that if someone looks at Sn, Sn−1 with eyeglasses whose resolution is larger than
σn = n
− 1
2 , then they appear to be identical, as metric spaces, in a tubular neighborhood
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of Sn−1.
It is probably worth mentioning at this point that similar arguments can be presented
[9] for systems whose configuration space Ml is l ∈ N copies of Sn, namely
Ml = Sn × Sn × . . .× Sn︸ ︷︷ ︸
l times
(59)
A physical example can be provided by l different ideal gases, each one containing
n-particles which coexist in volume V . In such a case the phase space volume is the
product of the Riemannian volumes on each copy of Sn. Let x = (x1, x2, . . . , xl) and
y = (y1, y2, . . . , yl) be two elements of Ml. The distance ρMl(x, y) between x, y ∈Ml
is chosen to be
ρMl(x, y) =
(
l∑
i=1
ρ(xi, yi)
2
) 1
2
(60)
as one would normally expect for the Cartesian product of metric spaces. It turns out,
not too surprisingly, that the constants in the Le´vy-Gromov inequality are the same as
the ones entering (41) and the interpretation of momentum localization is analogous to
that case.
5. Discussion and conclusions
By using analytic and geometric arguments, we have described the behavior of a spe-
cial case of an ideal gas, and determined the metric and measure-theoretical behavior of
its phase space in the thermodynamic limit. As a by-product of this approach, we ob-
tained an upper bound for the rate of approach of this system to equilibrium. Although
these analytic results have been known for a while [3], we have not been able to find a
reference that makes explicit the approach, connections and statistical implications that
we make in the present letter.
The measure concentration that we observe in the case at hand constitutes, in a way, a
form of symmetry breaking. Indeed, we start with Sn (vacuum of the “unbroken phase”)
equipped with the round metric whose isometry group is O(n). As n increases, the
Haar measure of Sn localizes in a tubular neighborhood of Sn−1 (vacuum of the “broken
phase”), which has the smaller isometry group O(n− 1). In our case, the parameter de-
scribing the concentration of measure, which plays the role that the order parameter plays
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in the usual symmetry breaking, is the dimension of the phase space n of the system.
From the viewpoint of measure theory, a higher dimension, which physically describes
a larger number of degrees of freedom, does not lead to a more complicated behavior, a
fact which is well-known and extensively employed when constructing the thermodynamic
limit of a statistical system. This behavior is also evident in the simplifications occurring
during the 1/N expansion of the O(N) models [14] and the associated gauge theories
with a large number Nc of colors [15], [16]. Needless to say, the thermodynamic limit
of a statistical system also leads to such simplifications. Actually, part of the goal of this
paper was the description, in a more geometric language, of the way some systems, like
our specifically chosen example of an ideal gas, behave when considering their thermody-
namic limit.
For the future, we would like to know whether the present analysis can be extended
to cover interacting statistical systems. This would certainly be of much more interest
than the example we have presented in this paper. The difficulty with interacting systems
is threefold: First, they have phase spaces that are considerably more complicated than
those of free systems. Second, checking the ergodicity of the Hamiltonian flow on such
phase spaces, which provides the dynamical foundation of statistical mechanics and its
mixing properties which determine the rate of approach of the system toward equilib-
rium is practically impossible for all but the simplest cases. Third, explicit calculation
of the canonical partition function of most interacting systems is practically intractable,
generically, except through perturbation theory or lattice approximations. Even if such
calculations were possible however, it is unlikely that the final result could be expressed
in terms of purely, or easily identifiable, geometric quantities as in the example we have
analyzed. Then, instead of the relatively straightforward analytic and geometric argu-
ments presented in this paper, the full machinery of measure theory would have to be
used, a fact that would enormously complicate the analysis and detract from the un-
derlying geometric structures. In the spirit of the present paper, considerable progress in
generalizing the arguments and applying them to the case of spin glasses was made in [17].
Acknowledgement: We are grateful to the referee whose criticisms helped correct
some mistakes of an earlier version of the manuscript and whose comments helped con-
siderably elucidate several points of the exposition.
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